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Abstract. This paper contains a cafeulation of the Casimir surface force density in spherical
geometry under three different circumstances: (i) The systern is an infinitely thin, perfectly
conducting shell, endowed with dispersive properties, The presence of dispersion means that the
earlier expressions calculaied by Boyer (1968) and others have to be generalized; in particular,
it is possible to revisit the old semiclassical electron idea of Casimir (1936). (i) The system
consists of two different spherical shells, of the same type as above. In particular, the non-
dispersive Casimir surface force between two flat piates is recovered as the leading term in the
formalism when the curvatures of the shells go to zero. (iii) The system is a compact diefectric
ball, surrounded by a vacoum.

General formulae are given in all three cases, consistency checks carried out, and some
simplifying approximations are given. All physical expressions, if necessary regularized by the
Riemann zeta function method, are clear-cut and finite.

1. Introdaction

Consider the stationary quantum electromagnetic zero-point fluctuations in a spherically
symmetric dielectric system, typically a dielectric ball of radius «, surrounded by a vacuum.
The task to be considered in this paper is to calculate the Casimir surface force density
F on the system, using the Maxwell stress tensor. Let S, be the Minkowskd energy—
momentum tensor for the electromagnetic field. The four-force density f, in the system
is thus f, = —8,8,,, and is, for a homogeneous sphere, different from zero only in the
boundary layer around r = a. The time derivative of the electromagnetic momentum
density does not play any role under stationary conditions, as assumed here, and the spatial
components of the four-force density can accordingly be written as f; = —3; S, where the
sum over k runs from 1 to 3. (The Maxwell stress tensor is equal to —S.) Integrating the
radial component f, across the boundary layer, we obtain in ¢bvious notation

F = 8,(a—) ~ S, (a+). 1)

We shall assume that the mediam is non-magnetic, & = I, and that it is dispersive with a
frequency-dependent permittivity e(w). We may thus write the linear constituent relation for
the material as D = éF, where £ is an integral operator defined such that the constitutive
relation reads D(w) = e(w)E{w) in Fourier space (see, for instance, [1] p 77). In classical
electromagnetic theory we have

~ 2 1¢z72
Sre = —58(E? - ET) — 1(H? — HY}) )
|| Present address: IKU, Sintef Group, N-7034 Trondheim, Norway.
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where B, denotes the component of E transverse to the radius vector r.
In the quantal theory we consider the Green function I'(x, x*) for two spacetime points
x and x’, and its Fourier transform [{r, v/, @), defined such that

T, x) = f_ g: e (p, 7, @) 3)

with t = ¢ — . In non-dispersive theory, v plays the role of a high-frequency cut-off
parameter. From Maxwell’s equations one derives the governing equation for I’

~Vx ¥V xI(r, r, o)+ e@) T, r, o) = -0’18 — r) (4)
and the effective product of two electric field components becomes
HE(r) Ex(r'))o = Tu(r, ', @) . &)

The solution of (4) leads to two scalar Green functions, Fi(r, r’) and G,(r, r"). These must
be constructed such that the electromagnetic boundary conditions at dielectric surfaces are
satisfied, and also such that the basic requirements about finiteness at the origin and outgoing
wave conditions at infinity are met. The two-point functions for the electric and magnetic
fields in Fourier space are

, o~ 2 +1 ,
(E, (Y E () = ()H,Z Lo+ )G 1) (6)
=]
=, 2¢ + 1 13
HEL(NEL( ) ; { 2Fy(r, r)-!-s(w)rr,g ; r'Gor, r)] N
WH (D H (Yo Z 2t e R0 (8)
=1
13
HL(DHL Yo = Z ij; [e(w)sze(r "+ il "Folr, r )] ©)
g=1

Here, we assume the two points r and 7 lie in the same angular direction. The radial
difference r — r/, however, does not necessarily have to be small in (6)—(9).

The calculation of the quantal surface force in the dielectric ball problem may thus
appear to be simple, at least in principle: we may fisst solve the governing equation (4),
then caleulate the two-point functions from (6)—(9) in the limit » — r, and finally find F
from (2} and (1). However, experience has shown that the task is more complicated than
one might expect beforchand. It turns out that the problems met are essentially of two
types: (i) In the non-dispersive theory, in the absence of a cut-off parameter, there occur
divergences at high frequencies. As already mentioned, one can avoid these divergences
by introducing a time splitting T serving as a cut-off [2,3]. The question arises: is the
high-frequency divergence a fictitious phenomenon, without physical significance? It might
be tempting simply to count the divergent term as insignificant; however, it has turned
out in later years that this term is a substitute for a quite real effect connected with the
dispersion of the material, Candelas [4] seems to have been the first to emphasize the
importance of dispersion in connection with the Casimir effect. His general arguments based
upon quantum field theory, were later essentially supported by explicit model calculations
for a relativistic medium, i.e. a medium satisfying e = 1 [5,6]. In fact, inclusion of
the dispersive effect may reverse the direction of the surface force. In the foltowing we
shall proceed so as to avoid the time splitting v completely, and instead work with a
simple dispersive relation for the material. This appears to be the most reasonable physical
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approach. We emphasize that we still require the two spacetime points to be spatially
separated, r — ' being small but always different from zero. (We may also mention that
our choice of separating the two points in the radial direction is 2 very natural way of
proceeding but nevertheless not always followed in quantum field theory. For instance,
although in a somewhat different context, one may consult [7] for a treatment involving the
separation of points in the azimutal, instead of in the radial, direction.) (ii) The second type
of problem is that divergences occur in the formalism when the angular momentum variable
£ is summed up to infinity. This phenomenon is characteristic for curved boundaries and are
absent if the boundaries are plane. The angular momentum divergence is more difficult to
deal with than the previous high-frequency divergence. Even use of the asymptotic Debye
expansions for the Riccati-Bessel functions—these expansions are most accurate precisely
in the region of high £—turns out to lead to divergences when £ — oo. As we shall
show below, it is, however, possible to regularize these divergences in a consistent way by
means of the Riemann zeta function. We obtain clear-cut answers for all physical surface
forces.

We shall follow the strategy of approaching the complicated Casimir problem for
dielectrics in successive steps, dealing with simpler situaticns first. In the next section
we consider a single, perfectly conducting shell, with vacuum regions on the inside and on
the outside. That is, we return to the situation considered by Boyer [8], Milton et af [3],
and others. The essential new element in our analysis, as compared to the previous ones,
is that we take dispersion into account, and thereby demonstrate explicitly the attractive
part of the surface force arising from the absorption frequency, called wy. Moreover, we
revive an old idea put forward by Casimir [91, according to which a semiclassical “electron’
is pictured as a perfectly conducting shell, and calculate the value of xg = wpa resulting
from the requirement that the electromagnetic zero-point fluctuations stabilize the electron
against Coulomb repulsion. Our calculation yields xg = 0.397.

As the next step in complexity we consider in section 3 a double singular shell, consisting
of perfectly conducting surfaces at r = g and r = b. As far as we know, this system has
not been considered before. We give the Green functions in the region a < r < b, calculate
the Casimir surface forces, and verify, in particular, that the non-dispersive surface force
density reduces in the limit @ — oo to the expression w?/2404%, with d = b — a. This is
the standard expression for the force between two plates.

In section 4 we fnally twrn to the compact dielectric ball, calculate the two-point
functions on the inside and on the outside, and also the corresponding inside and outside
surface force densities, Fiy and Fy, respectively. Making use of Riemann zeta-function
regularization, the non-dispersive parts of Fy and Fq are worked out in detail in the
limiting cases of high-permittivity media (n > 1), and dilute media (# ~ 1), » meaning
the refractive index. Finally, as an illustration of the close connection between angular
momentumn divergence and curvature of the dielectric boundary, we consider in the appendix
the planar one-surface geometry, and verify explicitly the absence of the divergence in that
case.

We employ Heaviside—Lorentz units, and put % and ¢ equal to unity.

Finally it may be worthwhile to give some further references to works on the Casimir
effect. General reviews are given by Plunien ez al [10] and by Barash and Ginzburg [11].
Other useful sources are the books by Lifshitz and Pitaevskii [12], Ginzburg [13], and the
Casimir honorary volume [14]. Popular accounts of the effect are given by Power [15],
Belinfante {16} and by Elizalde and Romeo [17].
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2, Single spherical shell

We recall the physical situation: the radius of the shell is r = 4, there is vacuum on the
inside as well as on the outside, and the temperature is zero. The dispersion of the material
will be accounted for in a very simple way: we shall in the general case take the permittivity
&(i) as a function of the frequency @& along the imaginary axis to be a step function, as
illustrated in figure 1. The ‘absorption’ frequency wg serves in the mathematical sense as
a high-frequency cut-off; the dielectric properties of the material are absent for frequencies
@ > wy. Thus, in the case of perfect conductivity, ¢ — o for @ < wp, while ¢ = | for
@ > wp.

A

e(i®d)

~ - Figure 1. The adopted dispersion relation:
C‘JO oS permittivity £ versus frequency & along the imaginary
frequency axis.

It ought to be emphasized that £(i®) is required to have a step-function form along the
imaginary axis only; the variation of g(w) along the real axis is not given and must be
expected to be quite different. The value of £{w) along the real axis will have to adjust
itself such that the dispersion relations of the Kramers—Kronig type, expressing the analytic
properties of £(w) in the upper half of the complex frequency plane, are satisfied.

The two scalar Green functions Fi(r,r") and G;(r, r"} for the spherical shell are the
following [3]. For r,1r' < a,

7 a0y _ ) [Eelka)/ Feka)] | .
{ G ]-1k}¢(kr‘)|:he (kr, ) { (8, (k) 5 (ka)} l]z(k?’,):l (10)
whereas for r, r’ > a,

l gz }:ik[jz(kn)— Egggjﬁ;;éjgz;% }h?’(kn)}hﬁ”(kr,). ()

Here, k =|w|, j; and h" are the spherical Bessel and Hankel functions, and §; and &; are
the Riccati-Besse] functions in conventional normalization [18)

§(x) = xjy (%) & (x) = xAi N (x) (12)

corresponding to the Wronskian W{5;, £;} = i. The two-point functions for the electric
and magnetic fields are now calculable from (6)—(9), in the limit » — r/. We show briefly
the calculation for the radial electric field only: inserting (10) into (6) we obtain for two
neighbouring points in the interior region

I &2841
krt = 4n

(ka) :

(E,—("')Er(r’))mh’-s‘r = (k )

— i+ I)Sg(k!‘)[et(ki") - (kr)] (13)
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and in configuration space, in analogy to (3) when t = 0,

(E (rE(FNpmr = g_w<E (ME(rNw

—-00

(14)

r—r
The integral over w can be replaced by twice the integral from zero to infinity. We perform
a complex frequency rotation

k— ik =id ka — ida = ix (15)
and define new Riccati-Bessel functions s¢, ¢, related to the conventional ones §, & by
. I x bl ge 2x
sex) = (=D 15,(x) = J% Lix)  erx) =i™e(x) =/ — Ku() (16)
where v = £ 4 % The new normalization corresponds to the Wronskian W{sg, e;} = —1.

We get, in configuration space, forr, ' < a,

(EANE ("o = ;;r4fx°dx 28 + 12(2 + 1)|:S¢(—r_)ee(x;' ) jzg; Sz(xr):| .
4

(17}
Here, the integration over x = &a has been terminated at
Xg = wod (18)

in accordance with the dispersion relation shown in figure 1. One may note that there is no
divergence at the Iower limit of the integral in (17); this can be seen from the approximate

forms [5]
AN AN 9= F(v)() 19
Sz(x)—“l'..“m('z-) eg(x 7= \2 (19}

which hold when x > 1.
A similar calculation for the other two-point functions yields, for r, r' < a,

, -1 fx 26+ 1 xr, xr, xr.\ ,fxr,
{EL(DEL(r ) =m/; xdxg e {Se( ; )ee( - )—Sz( - )eg( p )
ee(x) of xr eg(x)[ , fxr 2]

Se(x)sz( ) T S® [SE( a )] &

% gy & 26+ 1
(H OV H A Vrrsr = — Z ———i-—E(E +1)
=

X[Sf("é )f-’f(";’ )- 2 (%)] 2
. s I B o 2L+ 1 xr, LAY LAV LA
(L0 = = | eary 2 L)oo (222) -5t (22)e(2)
_efg(x) af 21 e,g(x)[ (xr):r}
55(x) 5 ( a ) + 5e(x) g a ' 22)
On the outside, for r, ¥’ > a we have

B PV Ey sy = —— f B-3y 3 2L ey 1)[3.( A )eg(";) - Ziﬁﬂ eg(’;_’)]
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~1 % 2L+ 1 xr, xr, xr,
(EJ.(f)E.L("’))r'-ar = mfo xdxz: i {Sa("a——)eg(-;-) “SE(T)‘?

&
() -2l @9
e S () ()2
(25)

HL O L or = —s oxnxdx i et {SC (*;’)e,(i‘-;—) _ st(%)ee (%)
L) [N} -

The surface force density on the shell can in accordance with (1) and (2) be written
as the difference between the quantities —3(E2 — H?) evaluated on the inside and on the
outside:

F = —i[{E(NE, () = (KLY HL N ]S - @

r=rr=a+

Here we have taken into account the relations
(E.L(r)EJ.(r,)}r’—vra‘.Ii = (Hr(r)Hr(r,)}r'-—)r=a:b =0 (28)

which express the boundary conditions at the surface (they follow also formally from (20),
(21), (24), and (25)).

Substitution into {27) yields, when we take into account the differential equation for the
frequency-rotated Riccati-Bessel functions, the surface force density

-1 fmxdx x.28+1 [s,’,(x) + s (x) + e;(x) + ej(x)

2rat Jo dr Pse(x)  osp(x)  er(x)  ey(x)

Strictly speaking, equation (29) gives the non-regularized force. However, in the present
case the non-regularized force becomes identical to the regularized one. This is so because
the contact term is equal to the force calculated if the inside region, respectively the outside
region, wcre uniform (i.e. without boundaries). These uniform regions correspond to the
ik jelkr.) h (Icr ) terms in (10} and (11}, and are thus equal to each other at the surface.
This means that the contact term for the force vanishes, and (29) gives accordingly the
physical force as it stands.

Equation (29) is in accordance with the result of Milton ef al [3], except from the
dispersion-induced upper limit xo. We shall now show how the expression can be further
processed in a fairly simple way, up to the leading term in accuracy, by making use of the
Debye expansions for the Riccati-Bessel functions. First, rewrite (29) such that it contains
the derivative of the ]ogarithm of a product

F=

] . (29)

=1

28 +1d
2Jra r— f I 1og(—s,,s£ege£) 30)
and insert this into the Debye expansions [18, 19]

Se(x) = %zlﬂ 427 evn(z)[l + i “f;_it)] a1
k=1
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ex(x) = 2/24'(2) E'""m[‘ + Z(—l)"ui—ﬂ 32)

k=1
with similar expansions for s;(x) and e;{(x). Here z = x/v, and
t@) = (142" (33)
n@ = (1+2%)" +log —————5. (34)
1+ (1+22)
The expressions for the coefficients ux, vy will not be written down here; they are given for

k=1,2,3 in [18] and for values of & up to & = 6 in [19]. Sufficient in our context is the
simple relationship

, o, 1 * 1
—8gSpe€y = Z 11— m + a F (35)

which shows that the leading contribution to the derivative of the logarithm in (30} is through
the (?(1/v?) term. Using results calculated earlier in related works [6, 20], we obtain

-3 [x_o % 7+ 9x/w? _ 55 ! (ﬁ
6 48 (1 +ax3/wh? &

%o/w w 7 2 4
¥ =+ —1*+—%)d f
+f0 A S+ gt z+;lu
Here, w = -’2—', t = t(z) as given by (33), and the Euler-Maclaurin formula has been used.

The integrals in (36) can be evaluated and we obtain the following compact and explicit
form:

B (2 o 2 (2 4 Tan () 4 22 4 S (22
F—Srrza“[_édM(;;)+Em(w)+3wm(a)+3wMu(w)+;N8(v)]

Br2at
Xo/ v

Pl dz] ) (36)

(37)
where we have defined the following functions:
M(x) = j; 28(@)dz =x — Bran~'(x) + fé%—%’%
Na(x) = /Ox 21*(z)dz = Jtan™' (x) — m
Ny(x) = fo Ty dz = 76 tan™" (x) — %ﬁ) (38)
N [[ i iy =T 150

It is of interest to approximate (37) by a simpler, asymptotic expression in the limit
Xxg — oo, which corresponds to the medium being non-dispersive. It is seen that the
divergence of (37) in this case is linear in xg. We obtain

1 X 3
Fosymptatic = i (—ﬁ + a) for large xp. (39)

The condition imposed on xp in order to make (39} a useful approximation is weaker than
one might expect. As mentioned already in [20], numerical checks show that a value of xg
as low as 1.4, implies that the error in (39} is less than 1%. For x = 1 the error is larger,
about 10%. Thus for xg < 1, (39) ceases to be useful.
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0.04—

0.02

0.0

-0.02+

-0.04~

-0.06—

Figure 2. Showing the validity of the asymptotic force density expression {(equation {39)).

The term 333 in the parenthesis in (39) is characteristic for the non-dispersive theory.
This is the accuracy following from our use of the Debye expansions up io the leading term.
We have 2 = (1) % 0.09375, which is to be compared with the number (}) x 0.092 35
calculated by Milion ez a? [3] in the more accurate non-dispersive calculation. The presence
of the xp term is interesting from a physical viewpoint, since it means that there is an
attractive component in the force, the strength of which is a function of the magnitude of
xg. It becomes natural here to recall the semiclassical electron model proposed a long time
ago by Casimir [9]: the idea was to calculate the magnitude of the fine-structure constant
o = e*/4m by requiring balance between the inward-directed force arising from zero-point
fluctvations and the outward-directed Coulomb force. The latier force is, per unit area,

et o

Fool = F5n7a% = Bt “o

where ¢ is the charge on the shell. Evidently we are unable to calculate the value of o here,
but we can answer a more modest question: what is the magnitude of xy that follows from
the mentioned requirement, F + Feey = 0, if ¢ = llﬁ is used as an input parameter? It
is seen that this value of xy is a pure number, independent of the radius a. Pirst using the
simple equation (39) together with (40} we obtain xg =~ 0.63, which, however, is too small
a value to be regarded with confidence in relation to the approximate equation (39). This
is readily seen from figure 2, where we have plotted the force for small values of xp, both
according to (37) and (39). A numerical calculation, based upon (37), yields

Xo = woa = 0.397. (41)

For example, put ¢ equal to 2.8 fm, the classical electron radius. Then, equation (41)
implies in dimensional units that the cut-off for the classical ‘electron’ equals &y = xgc/a
=4.3x10%2 -1

Before leaving the theory of the single shell, we note the following property of the
two-point functions given in (17), (20)—-(26). These functions refer to the rotal electric or
magnetic field components, in the inside or in the outside region. Thus the terms referring
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to the uniform vacuum are kept in the scalar Green functions F,; and G,; cf the first terms
on the right-hand sides in (10} and (11). Now, one may instead choose to work with
the two-point functions that contain the surface-induced contributions only, and thus to
subtract off the uniform vacuum terms from the beginning. This may be a simplifying way
to proceed in some cases, in particular, because the two-point functions always refer to
‘disturbed’ quantities caused by the presence of the boundaries. There is thus no need for
regularizing physical expressions later on. We shall call these new functions the ‘effective’
two-point functions. For reference purpose we write them down here, for the electric field
components. For r,r’ < a,

EOEw= g [ T Z

ez(x) (__) 2
4 T ) (42)
; o = ee(x) 5 xr\ e[ (xr 2
(BB Yot = —3s f EZ {Sa o ( ) o [s ( X )} } .
(43)
Here, the limit v — r is understood but not written out explicitly. For r, 7' > a we have
EOREa= 5 [ E3 Ty Tt hES(%) (@4)
, 1 o 2841 selxy 4f xr sz(x) xr 2
(ELOVELG e = —5 [ xdxeg; - [es 2 ( ) e [e (a )] ]
(45)

The effective two-point functions can evidently be used to calculate the surface force,
But it is then necessary to start from the full stress tensor expression

F=—3[{(E(E (") = (EL()EL() + (H (r)HA(r")) — (Hl(r)Hl(r’))]::::‘;; (46)
instead of from the simplified expression (27). This is so because (27} is based upon (28},
which require the fields to be the total fields. The analogous two-point functions for the

effective fields do not vanish on the surface.

3. Double spherical shell

The situation is sketched in figure 3: there are two perfectly conducting singular shells
situated at r = a and r = b, with identical materials in the shells so that the ‘*absorption’
frequencies are identical, equal 10 wo. In the inner region I, the annular region II, and the
outer region III, we assume there to be a vacuum.

Let us first consider the two scalar Green functions, Fe(r, r'} and Ge(r, r’). In region I,
they are given by (10), as before. In region II, they are

n_ ik , Fe() o oy () &)

Fe(r,r') = T 01 !)gt(z 52)2 [Ja(k”<) 2 ok (kr ):| [h (kr.) M(Z) Jelkr )] 47
n_ ik , 5e(1) oy o) g,(2)

Gﬂ(rv 4 ) - 1 _ _;’ﬁ)]g:gg [Jﬁ(kr<) - EZ(].) hz (kr<)] |:h£ (kf;) - 35(2) _]g(kr>):| (48)

where & = |w| as before, and where we for simplicity have introduced the abbreviations
5:(1) = §eka), 5:(2) = 5 (kb), etc. In region III, the Green functions are given by (11},
with a replaced by b. We can thus find the two-point functions everywhere: in region I they
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I

<

Figure 3. Geometry of the double spherical shell,

can be read off directly from (17) and (20)—(22), in region II they are given by (23)-(26)
with @ — b, and in region II they are calculated by inserting (47) and (48) into (6)~(9). We
shall not give the explicit two-point functions in region II here, but rather focus attention on
the surface force density acting on one of the surfaces, say the force F; on the inner surface.
As usual, the force is calculated by taking the difference between the diagonal stress tensor
components at 7 = a— and r = a+. To simplify the notation, we write henceforth (e2(a=:)}
instead of (E,(")E,(#'Vpesr=as, €tc. In order to exploit the simplification caused by the
electromagnetic boundary conditions at the surface we use the two-point functions for the
complete fields, rather than the ‘effective” two-point functions. We then have

Fy = —~HENa—) + HH (@) + H{EXa+) - L(HHa-)). (49)

Here, the terms at r = a— are found from (17) and (22). A brief calculation using (47) and
(48) shows that the corresponding terms at r = g+ are

'y (bx/a)
-1 M dx 2641 eg(x) - 55—(7,——)8 {x)
(EXa+)) = — Z — e+ d (bﬁf.f) . (50)
C(X) g{bx/a) 8( x)
1 0 22841
2 I —
(Hi@h) = — fn >
e‘ b,
| e®-F Srasex) el — Ll () a1
e (x) — j{:ﬁfﬂ;s;m er(x) — B 5y (x)

(note that primes mean differentiation with respect to the whole argument). If the outer
shell recides to infinity, #/a@ — o0, then expressions (50} and (51) reduce to the single-shell
expressions (23) and (26) evaluated at r = g+, Substitution into {(49) yields

1 e @+t | st e — LEHs(x)
a = 2w at dxz

x
0 o Ar {s(x) 0 sx) eg(x)—%s.g(x)

eylbx/a)

) — Formst ) o

- gibxjay : (52)
&(x) — Fmrmse®)

This is the generalization of (29) to the case of the double shell. No regularization procedure

is to be imposed here: the eventual ‘contact’ term to be subtracted off would be the radial
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force across the fictitious surface r = a, if both shells were removed. Bvidently such a
term is zero, and so (52) gives the physical force directly.

We shall not evaluate the expression (52) in general. What we shall confine ourselves
to is to rewrite it in a compact form which is convenient for further processing, and also to
examine one important special case in detail, namely the one in which 2 — oo at a fixed
distance d = b — ¢ between the shells. The point is that we have herewith the opportunity
to check the consistency of the formalism: the dominant term in F ought in this limiting
case to approach the standard expression

w2 1

Fplaw = HO E (53)

for the force between two flat parallel plates.
Let us first write the force such that the quantities

x=da y=&b (54)

appear as independent variables. Introducing as in previous works [20, 21], the quantity {0,
and its derivatives,

O = se(x)eg(y) — ep(x)se(y) (55)
0:"(x, y) = sp(x)ep (¥} — €, (x)s}(y)

we can write the force in the following compact form:

f Z2E+1 d log[ Se(x)s, (Y0 Q4" (x, }’)] (56)

Fa = 2nat

{the operator 8/3x is taken at a constant value of y). Next, in G, Q,;"(x, ¥) we separate off
the factor e¢(x)e,(x)s¢(¥)5;(¥), in which the y-dependent terms do not contribute in view
of the derivative in (56). We are left with
-1 f» 2. 26+14d

f xdx +

. =T
2mat Jy 2 Tgm dx OE seszesey)

1 2. 2+1 8 se(x) eg(y) 5;(x) eé(y)]]
- dx e — ] 1— ] - —
271124./; ) °g|[ ec(x) s:(y)][ 2,00 5;09)
&7

in which the first term is seen to be identical to the force (30} on a simple shell. In this way
we have managed to separate out the most delicate part of the force. The remaining second
term in (57) will, stmilar to the first term, be processed further by means of the Debye
expansions (31)—(34). Because of the difference between x and v, there is a non-vanishing
contribution to the force already from the @(v%) terms in the expansions. Going one step
further, up to O(1/v), we see that, since dn/dz = 1/(tz),

a:

dsgm) _1f . )\,

dx es(x) 1z (l + v )e ! (58)
d sg(x) -1 201\ 2ug

dxeg(x) o (H— . )e . (59)

A parameter playing an important role here is

=3) ()]
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So far, the radii 2 and b have been assumed to be arbitrary. From now on we consider the
case when the curvatures are small. It means that the parameter £, in general, defined as
& =dja = (b—a)/a, is small compared to unity.

In this case we have, to ({1/v) in the Debye expansions,

se(x) e ) _ 56} 00 _ o
ee(x) se(y)  ep(x) 5,(y)

since terms containing £z/v = &d/v? = O(1/v?) are negligible. The result is the same if
we were working on the level @(1/v°) from the outset; the O(1/v) terms do not contribute.
Since 8f/dx = —2/(tx), we then obtain

1 o /v dz ve—¥f
Fa= 4rra“( i H_) n?a* Zf Hz)1—ef (62)

where, for simplicity, we have assumed xp > 1 so that the expression (39) is an adequate
approximation for (37). Now, f = 2n(bz/a) — n(z)].

Equation (62) gives the most general expression for the dispersive shell. Some numerical
calculation is needed for further evaluation. (As n is 2 monotonically increasing function of
its argument, f is positive, and the sum over £ always converges.) However, as mentioned
above, an important impetus for the present analysis was to check the consistency with
expression (53) for two plates. This is a non-dispersive result, and so we may achieve our
aim without paying any attention to the dispersive terms at all in the following. That means
we may ignore the first xp term in (62) and replace the upper limit xo/v in the integral by
infinity. Thus

(61}

1 3 1 [ dz & vief

nondisp _ el —— —_—
Fa 4n—a4 64 n-?.,a4 0 t(z) = 1 _e—uf . (63)
We now introduce the geometric series
e "
—_ —2vuf =3 4L,
1_6_,”),—8 +e +e™ 4 (64)
and make use of a result derived in [22] for the sum
i 3. _up _ 276l —10— 127/ —6e~2/ + e/
ve ™ =
256 sinh>( f/2)
6
= }—4[1 +O(f*)] (65)

to obtain for the last term in (63), omitting O(f*),
6 [ 1 7’ f* dz
% |, rf4(1+ +34+"')‘@£ e )
Inserting [22]
= %[1 — &+ 1620207 + 22 + 03] (67)

we obtain for the term (66)

7?-'2

2404*

f T dz[1+ 2&¢% — 3£2(842 — 15¢* +42%%) + OY)]. (68)
0
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Altogether, carrying out the integrations over z, we finally find the non-dispersive force
density to be
1 3 w?

moies T gl + 3 HEE +0EN)]. (69)
The dominant term here is seen to be precisely the flat plate result {(equation (53)). Our
consistency check does therefore give a satisfactory result.

Recall again that no regularization procedure has been used to obtain this result: the
force F, is the total force on the shell, consisting of an interior part Fi,; and an exterior
part Fay!

nondisp __
Fpondisp

Fp = Fipt + Fext . 70

If we were to calculate Fyy, or Fey separately, then regularization procedures would be
needed (cf the following section). In the sum (70), however, the two infinities cancel out.
All expressions are well defined.

One cautious remark, concerning the accuracy of the two terms in (69), ought to be
made. Taking d to be of zeroth order we see, in view of the relation 1/a* = &*/44, that
the first term in (69) is a fourth-order quantity. One might wish, therefore, to carry out
the expansion in & two orders further in the second term, to obtain the contribution to
the mutual force to the same formal accuracy as in the first term. It is to be observed,
however, that the first term in (69) has its roots in the ©O(1/v?) correction in (35), which in
turn is obtained when the Debye expansions (31) and (32) are carried out to @(1/v*). By
comparison, the second term in (69) is obtained, as mentioned above, merely on the basis
of the O(1/v) terms in the Debye expansions. The two terms in (69) therefore arise from
different levels of approximations in the initial expansions, and their comparison should
therefore be considered with some care. We abstain from carrying out the § expansion any
further here.

4. Compact spherical ball

Consider finally the most general case among those studied in the present paper, namely 2
single spherical dispersive ball of radius 4 surrounded by a vacuum.
First, we give the expressions for the scalar Green functions:

rr<a:  Fp, Ger,r') = ink je(nkr Y[ (nkr,) — Arc(ka) je(nkr,)] (71)
nr'>a: FyGur,r')y = ik[jelkr) — By otka)hi® (kr YA Ger, ). (72)

Here k = |w|, and n = n{w) = ./e(w) is the refractive index, Imposition of the
electromagnetic boundary conditions across the surface r = a yields for the coefficients

&i(nka)é,(ka) — néy(ka)E,(nka)

Ar(ka) = 5, (nka)?,(ka) — né,(ka)s,(nka) (73
- _ néy(nka)é,(ka) — & (ka)é;(nka)
Aolka) = nSe(nka)é,(ka) — é,(ka)s;(nka) 74)
- _ Sy(nka)s)(ka) — ni;(ka)s;(nka)
Br(ka) = 5 ka)E, (ka) — nés (k@) (nka) ()
Bo(ka) = nSy(nka)$j(ka) — 5¢(ka)F;(nka) (76)

niy(nka)e,(ka) — & (ka)s,(nka)
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Of main interest are the expressions for the two-point functions, in the limit v — r. They
may be found by inserting (71)-(76) into the general expressions (6)—(9). It is, however,
convenient here to subtract off the first terms in (71) and (72), i.e. the terms referring
to homogeneous space regions—already from the beginning. That means that we will be
working in terms of the ‘effective’ field products, being analogous to the expressions (42)—
(45) already given for the single shell, A non-trivial point here in comparison to the cases
studied earlier is that because of the presence of # in the arguments in the interior region,
the two first terms in (71) and (72) do not become equal to each other at r = g.

It may be noted that our way of calculating the surface force on the shell is equivalent
to using the complete two-point functions from the beginning, and thereafter subtracting off
a contact term constructed according to the following prescription:

(i) the inner contact force be calculated as if the inner medium be filling all space;
(ii) the outer contact force similarly corresponding to the outer vacuum region be filling all
space.

The effective electric field products in the interior region r, ¥’ < a are (for simplicity we
again omit the subscripts ' = r):

mo . —1 f® dx 2£+1 xr
(E,(r)E,(r J)cﬂ' = Fj; HBJ.’ ; _4?1_ 2+ I)AG(x)sz( P ) (n
2y dx o 2
(ELOEL (Ve = — f e ; {AF< )s (”j ) Actx )[ 1’31)] ]
as)

where n = n(ix). For reference purposes we give the frequency-rotated coefficients
explicitly,

e¢(nx)ey(x) — neg(x)ey(nx)

Ar@x) = se(nx)ey(x) = neg(x)s,(nx) (9)
_ neg(nx)e, (x) — er(x)e)(nx)
Aclx) = nsy{nx)ey(x) — e (x)s;(nx) (80)
In the exterior region we obtain similarly
m =1 [Rdx 2+1
(Er(r)E (7 ))est = perr 3 ; e L2+ I)BG(x)ez( P ) (81)
o0 2
(BELOVELG e = rza f Z [BF( e ( ) BG(X)[ (xa”)] ]
=
(82)
where
_ se(nx)sy(x) — nse(x)s,(nx)
Br®) = S m)ey () = ner (s nx) )
Be(x) = nsg(nx)sy(x) — 5e(x)sy(nx) 4)

nse(nx)e,(x) — es(X)si(nxy

One may note that all coefficients (73)(76), as well as (79), (80), (83), (84), are real
quantities. The relationship between the original and the frequency-rotated coefficients in
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the interior is ﬁ;_g(ix) = (—1)‘+‘Ap,a(x); the comesponding equation also holds for the
By g-coefficients in the exterior.

Because of the presence of r it is instructive, instead of calculating the surface force
density F directly, to consider its inferior part Fiy, and its exterior part Fe, separately.
Starting with the interior, we have

Fioe = —33{E7 (@—))est + 38{ET @ Nett — 3{H} @ Ve + 3{HI (@ )ert (85)

cf (2). Inserting the expressions (77) and (78) along with their magnetic analogues we then
obtain, when taking into account the governing equation for the Riccati-—Bessel functions,
the following compact form:

1 2041 spm)\ 7
Fim = ad f d.xZ Ae [ (Se(ﬂx)):l ' ¢

We have here introduced the symbol
Af = [Ar(x) + Ag(0)]se(nx)s;(nx) (87)

(primes mean derivatives with respect to the whole argument, i.e. with respect to nx here).
For the exterior force we obtain similarly

_ 241 —ey(x) !
Fou = 5ot f E A [ (ez(x) )] ®8)

AS = [Br(x) + Bg(x)]ec(x)eg(x) . (89)

The total surface force density is F = Fip + For.

We shail finally give approximate formulae for Fj, and F,, in limiting cases, again
using the Debye expansions to &(1/v), ignoring dispersion. The derivative terms in (86)
and (88) become to this order

whera

Sé(nx) ! B _tz(nz) [ 3n222t3(nz):|

[log (-“z(ﬂx) )] T wng 1+ 2 (90)
-4\ _ @, 3z2:3(z)]

[l"g ( o) )] i [1 2 ©1)

where t2(nz) = 1/(1 + n*z?). These expressions hold for arbitrary values of n. The
analogous expansions for (87) and (89) are for general » more unwieldy. We give the
expressions only in two limiting cases: if # 3> 1, then to the same order

int _ 1 _22%(2) ]
Are» D=1 [1 v( + 222) ©2)
ext _ t(z)t(nz) 3 () 3
AFm>D =17 (1+222)1(2)r(nz) @3
whereas for dilute media, n ~ 1, we obtain
243
A~ 1) = (1 — 1):2(:;)[1 _3 ;v(z)} 94)

aty oy B=DE@Q[ | 32%(@)
APl = — [1+ o ] (95)
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& - N
Consider now F. 7, when n » 1. The omission of dispersion means that n = const,

Xx¢ = oo in (86). The last term in (90) is seen not to contribute to leading order in 1/n, and

S0
["" tz(nz)dz[ 2221(2) ] _ 6)

14272 v(l +2z%)

Nor does the last integral here conmbute to the leading order in 1/n, and, inchuding only
the dominant contribution to the first integral, we obtain

i -1 &
‘:::n P 1) = Py—— tzl: ve. ©7)
The divergent sum over £ needs regularization. The method that we shall use here is to
exploit the analytic continuation of Riemann’s zeta function. The only formula needed in
practical calculation is

DoV =7~ DY) %)
=0

with 5 an integer. The Riemann zeta-function method is simple and effective, and is used
50 often that it has become a standard method in quantum field theory. We shall briefly
return to the legitimacy of this method in the concluding section. For the moment, let us
simply put s =2 in (98) to get

o)
Y ot=-1 (99)
&=1

which means that the interior non-dispersive force to leading order in 1/n is

nond:sp( > 1) = (100)

2rnat’
The result is the same as if we were working on the @(v°) level from the outset. The force
is repulsive, as we would expect. It is inversely proportional to », and vanishes if n — oo.
Again, this is a result that we would expect, since the fields must vanish inside a medivm
of infinite permittivity.

The exterior force in the same limit is found by inserting (93) and (91) into (88). Using
(99), together with the substitutions

o9 oD
Sov=-4 Y =- o)
=1 =1

which are obtainable from (98), we find

oo 43 —- 2,3
;gnmp( 1) = 1 4{_if t*(z)t(nz)[4 — 11z%¢ (z)]dz 11 3

8rna 87 Jo 1+ (1 + 222t ()t(nz) 36w + 64}' (102)

Here the last two terms owe their existence to our use of the Debye expansions up to
O(1/v); they would be absent on the OWY) level. If n — o0, the first term in (102)
tends to zero. We thus see that in the limit of infinite permittivity it is the O(1/v) terms,
rather than the @ (v°) terms, that are most important. The two last terms in (102) yield a
compressive force,

The expression (102) in the limit » — oo makes it possible to make an interesting
consistency check of the formalism, by comparing it with the external Casimir energy E.x
calculated in [22] for a spherical ball whose medium satisfies the condition ex = 1. In the
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limit & — o0, i.e. & — 0, the electromagnetic boundary conditions at the surface for such
a medium ensure the exterior fields to be the same as outside the n — oo ball considered
in the present paper. From (3.22) in [22] we quote, omitting the time-splitting cut-off term,

Eo = I ( 11 + 3 (103
T 23\ 36x  64)° )
In view of the general relation between surface force and energy
VEex

Fou = _(1/457“ ) — aﬂ

we see that (102) and (103} are in perfect agreement, thus supporting the consistency of the

theory.
If the medium is dilute we obtain by a similar calculation, inserting (94) and (95) into
(86) and (88), the non-dispersive forces to first order in (n — 1),

-1

:::ndlm(n jacs 1) = W (104)
n—1
PP ) =~ (105)

If n > 0 there is a repulsive force on the inside and a compressive force on the outside, the
latter being only half as strong as the former. Adding (104) and (105) we thus see that the
total non-dispersive surface force density is repulsive:
n—1

1287a* "

Fnondisp(n ~ 1) —_ (106)

5. Conclusion and final remarks

Our calculation is based on a non-magnetic dispersive model for the medium. The
temperature is T = 0. The adopted dispersion relation is as shown in figure 1; for simplicity
it is taken to be a step function when viewed along the imaginary frequency axis &.

The case of perfect conductivity corresponds in our model to ¢ — oo for & < wo,
while & = 1 for & > wy. For a single, perfectly conducting shell our Green function
calculation yields the general expression (37) for the surface force density. If xp = woa S 1,
equation (39) is a useful approximation. The non-dispersive term in this expression is in
agreement with Boyer [8}, Milton et af [3], and others. The necessity of including also
an attractive dispersive term, proportional to xp, has been known for some years, since the
paper of Candelas [4]. The dispersive term, proportional to xy, has been found also in more
recent model calculations [5,6,20]. The xp term makes it possible to revive the Casimir
semiclassical electron model [9]: it corresponds to the specific value xp = 0.397 for the
non-dimensional cut-off.

The perfectly conducting double spherical shell analysed in section 3 is the next step in
complexity. Equation (57) gives the general surface force density on the inner shell. If the
distance ¢ between the shells is kept constant, while the radii a and b recede to infinity,
then the dominant term in the non-dispersive part of the surface force is according to (69)
in accordance with the standard result w2/2404* for two parallel plates. ‘This is a useful
consistency check.

For the compact spherical ball considered in section 4 the inner/fouter surface force
densities are given by (86) and (88), respectively. Explicit expressions are given later in
this section, in limiting cases. Some remarks are called for, as regards the legitimacy of
the Riemann zeta-function regularization that we use: this method is simple and effective,
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leading generaily to results that are in agreement with what one can obtain in other ways.
The method has therefore been used frequently in previous works in the present field of
research [23,22, 20]. In this context we find it worthwhile to consider the following example
in some detail, as it shows in a clear way the basic properties of the method: consider the
force term given in dispersive theory by (3.17) in [20]. This term gives part of the surface
force on a singular shell. Manipulate this term in the following way:

(1) eliminate the influence from dispersion by putting xp = oo;
(ii) evaluate the remaining divergent sum over £ by the Riemann zeta-function method.

The result obtained is found to be identical to that obtained within non-dispersive theory,
after the cut-off term involving the time-splitting parameter has been separated off [24].
The Riemann zeta function is generally effective to obtain the non-dispersive part of the
force.

Another example of the same sort is provided by the expressions for the interior/exterior
energies Ejy and E.y obtained in [22] for a singular shell; cf also (103) above. These
expressions were calculated by other methods. However as remarked in [22], the most
simple way of obtaining the non-dispersive expressions is precisely to make use of the
Riemann zeta function.

One may still argue that the handling of infinite sums by means of (98) shows that the
regularization is physically not properly understood, We agree with this attitude to some
extent, although the divergent behaviour is not peculiar for Casimir theory but rather a
common feature of quantum field theories in general.

Finally, we emphasize that the force calculations above were based upon the Minkowski
energy-momentum tensor. (Under stationary conditions, this tensor is equivalent to the
Abraham tensor.) One may wonder if not the electrostrictive contribution to the force {1]
should have also been included in the force. We think that the point here is the specific
way in which measurements are carried out. In most cases involving force measurements
on dielectric media the electrostrictive contribution to the force does not play any role at
all; cf the review article [25] on the energy-momentum tensor. However, if local stress
measurements are carried out, then the electrostrictive contribution must also be taken info
account. Electrostriction does not seem to have gained much attention in the past as far as
the Casimir effect is concerned; the only work we are aware of is actually [26], although
that work was limited to non-dispersive theory. For completeness, it would be desirable to
calculate the electrostrictive contribution to the force along the lines of the present paper.

Appendix. Planar one-surface geometry

The reason for the angular momentum divergences in the non-regularized expressions
encountered above is the curvature of the dielectric surface. Divergences of this sort should
be absent if the surface were planar. Let us illustrate this point by considering the one-
surface planar geometry of figure Al: for z > O there is a homogeneous non-magnetic
medium, for z < O there is 2 vacuum. We shall calculate the surface force density F, = F
on the boundary z = 0.

The governing equation for I is (4), as before. We introduce a transverse spatial Fourier
transform,

F(r, v, @) = f (;,q)z e Ty(z, 7', q, @) (Al)

where g is the component of the total wavevector k transverse to the z-direction. When
dealing with single Fourier components, we can without loss of generality choose ¢ along
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Figure Al, One planar dieleciric surface, lying at z = 0.

the x-axis (figure Al). The diagonal components of ' {(z, z’, ¢, @) in the medium region
z 2 0 become [27, 28]

_ I r K —k|z—z'] H,—x{z+2")
Tar = =280z = 2) + 5= (e 4. RAe™0+0)) (A2)
roo 2 (e-xlz—z’i+ R’?e"“”z") (A3)
Yy o
1 iy g G (otled| | pH kD)
T = —-8(z = 2') + o (77 4 R+ (A4)
£ 2ex
where the electric and magnetic reflection coefficients are
_ evEC _ pgevVEC
RE = it RY = L (A3)
Kk + Ve K+ exve

with )
k(W) = /g2 — 0 " (w) = Vg2 - . (A6)

We take the limit z’ — z, but keep z’ and 7 separated so that the delta functions above can be
omitted; moreover we consider the boundary-induced field products only, i.e. the ‘effective’
products being analogous to the expressions (77}, (78) and (81), (82) for the sphere. The
effective products involve only the RZ, R¥ terms in (A2)~(A4). After a complex frequency
rotation we obtain, for z, z > 0,

e = Ifmf?i o [T DL 4,5 TP e
(B2 (D) Ez (2 ))et = — Al dd | - pclps+£pe (AT)
1 (®d . (Pp. [s2s—ep) els—p] sa
’ _— AN r _ —258z
EOE =gz [ Tao [ Lap| e 2B, (a8
1 -] . . to-] pz__ 1 §=P _oun
I _ 3 P 2rddz
HOHOa=gz [ 000 [ 2 pap’E (»9)

1 [, ®p [*6-p) e—ep)] s
Hi () HL(EZ Yer = — 3d“f =d - —2edz Al0
(HL@)HL(Z Y 432[° wdb | S P[ P step I (A10)
where ¢ = £(id), (E%) = (E}) + (Eﬁ). We have here introduced the Lifshitz variables
[29,12] p and s, which can in terms of the variables above be written as p = (1/@)x " (i),
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s = {1/ (i®), or explicitly
p=U+gydH? s=(pt+e- D2, (a11)

In the field products above, the limit z' —» z is implicitly understood.
Consider now the surface force density F(+) acting on the right-hand side of the surface.
It is calculated to be

F(4) = —38(E2())esr + FB(EL ())ett — LHZ ()t + HEE(H))er = 0 (A12)

when we insert (A7)-(A10) for z — 0. The total surface force constructed as the sum of
the forces on the two sides must therefore also vanish: F = F(+)+ F(=)=0.

There are thus no angular momentum divergences here. The example iflustrates the
general property that a curvature of the boundary is a necessary condition for this kind of
divergences to occur.
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